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SCHUR’S OLD DETERMINANT PROVES A BRAND–NEW
THEOREM OF GARRETT–ISMAIL–STANTON
HELMUT PRODINGER
Abstract. Garrett, Ismail, and Stanton gave a general formula that contains the
Rogers–Ramanjuan identities as special cases. We show how easy this is when using
a determinant that Schur introduced in 1917.
In a recent difficult paper [2] Garrett, Ismail, and Stanton prove, amongst many other
things, the following generalization of the celebrated Rogers–Ramanujan identities:
∑
n≥0
qn
2+mn
(1− q)(1− q2) . . . (1− qn)
= (−1)mq−(
m
2 )E
m−2
∏
n≥0
1
(1− q5n+1)(1− q5n+4)
− (−1)mq−(
m
2 )D
m−2
∏
n≥0
1
(1− q5n+2)(1− q5n+3)
,
(1)
with the Schur polynomials, defined by
D
m
= D
m−1 + q
mD
m−2, D0 = 1, D1 = 1 + q,
E
m
= E
m−1 + q
mE
m−2, E0 = 1, E1 = 1.
(Another proof, based on generalized Engel expansions, can be found in [1].)
Schur [3] has computed the limits
D∞ =
∏
n≥0
1
(1− q5n+1)(1− q5n+4)
, E∞ =
∏
n≥0
1
(1− q5n+2)(1− q5n+3)
.
The aim of this note is to give a simple proof of this result, based on the following
determinant of Schur:
Schur(x) :=
∣∣∣∣∣∣∣∣∣∣
1 xq1+m . . .
−1 1 xq2+m . . .
−1 1 xq3+m . . .
−1 1 xq4+m . . .
. . .
. . .
. . .
∣∣∣∣∣∣∣∣∣∣
.
Expanding the determinant with respect to the first column (“top–recursion”) we get
Schur(x) = Schur(xq) + xq1+m Schur(xq2).
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Setting
Schur(x) =
∑
n≥0
a
n
xn,
we get, upon comparing coefficients,
a
n
= qna
n
+ q1+mq2n−2a
n−1,
or
a
n
=
q2n−1+m
1− qn
a
n−1.
Since a0 = 1, iteration leads to
a
n
=
qn
2+mn
(1− q)(1− q2) . . . (1− qn)
,
and thus the left hand side of (1) can be expressed by Schur(1).
On the other hand, Schur(1) is the limit of the finite determinants
Schur
n
:=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 q1+m . . .
−1 1 q1+m . . .
−1 1 q2+m . . .
−1 1 q3+m . . .
...
...
...
. . .
. . .
. . .
−1 1 qn+m
−1 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
Expanding this determinant with respect to the last row (“bottom–recursion”) we get
Schur
n
= Schur
n−1+q
n+m
Schur
n−2 .
We see that the sequences 〈D
n+m〉n and 〈En+m〉n satisfy this recursion, and thus any
linear combination; set
Schur
n
= λD
n+m + µEn+m.
We can determine the parameters λ and µ using the initial conditions Schur0 = 1,
Schur1 = 1 + q
1+m, which leads to
λ =
E
m
− E
m−1
D
m−1Em −DmEm−1
=
qmE
m−2
D
m−1Em −DmEm−1
and
µ =
D
m
−D
m−1
D
m
E
m−1 −Dm−1Em
=
qmD
m−2
D
m
E
m−1 −Dm−1Em
.
We can find the nicer form
λ =
qmE
m−2
D
m−1Em −DmEm−1
= (−1)mq−(
m
2 )E
m−2,
which amounts to prove that
D
m−1Em −DmEm−1 = (−1)
mq(
m+1
2 ).
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This however is an easy induction on m, the beginning m = 0 being trivial. The
induction step goes like this:
D
m
E
m+1 −Dm+1Em = Dm(Em + q
m+1E
m−1)− (Dm + q
m+1D
m−1)Em
= qm+1(D
m
E
m−1 −Dm−1Em)
= −qm+1(−1)mq(
m+1
2 ) = (−1)m+1q(
m+2
2 ).
Analogously we obtain
µ =
qmD
m−2
D
m
E
m−1 −Dm−1Em
= (−1)m+1q−(
m
2 )D
m−2.
Hence
Schur
n
= (−1)mq−(
m
2 )E
m−2Dn+m − (−1)
mq−(
m
2 )D
m−2En+m.
Performing the limit n→∞ this turns into
Schur(1) = (−1)mq−(
m
2 )E
m−2D∞ − (−1)
mq−(
m
2 )D
m−2E∞,
which is (1).
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